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In the process of solving certain problems of the theory of elasticity (hydro-
mechanlcs, electrostatics, etc.), when the boundary conditions of the prob-
lem on a part of a boundary surface are given in one form while on the
remaining part of this surface they are given in some other form, 1t 1s
frequently advantageous to reduce the solution of the problem to the deter~
mination of an unknown function by means of dual integral equations. Such
integral equations have been considered only for particular cases. For exam~
ple, dual integral equations containing Bessel functions or trigonometeric
functions were considered in the works of King [1], Busbridge [2], Noble [3
and 4] and others. Solutions of some such equations are also given in the
works of Titchmarsh [5], Sneddon [6] and Tranter [T].

In the present paper there are considered certaln integral equations con-
taining Legendre functlons with a complex index {conlcal functions) and also
equations which contain trigonometric functions.., It seems to the author
that such dual equatlons are being considered for the first time here.

The solutions of these equations are obtained formally by a single method
presented in the work [8]. It is proved that the obtained solution is valid
for one type of equations; but a similar proof can be given for the remalin-
ing equations. A problem in elastlicity theory 1is treated as a practical
example.

The following formulas will be used in the solution of the considered
dual integral equations.

[ The integral representation of Legendre's function with a complex index
9] 1is

- &
(cosh @)= V2 S cos % sds

k14 H V’cosb t— cosh§

P-—‘;’;—Fit

sin T s ds (0.1)

VE el
P .. oshat) = X = coth nt —
s € ) T S V cosh s —cosh
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The Mehler-Fock [10] transform is gilven by
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f) =\ g@)P_y,,;, kosha)dt (0 < & << 00) (0.2)

08/78

)
g () = TwanmnaT S f (@) P~‘/z+ir foshar) sinh ot ot (t>=0)

0
The solution of Abel's integral equations are

X z
f(x) = g u(E)dE , u(z)=sinund_ g f (=) dx
P (x — E)* T dz (z — x)l—n
b e . 0.3)
f (@) = X u(§)df ’ u ()= — sinprd f (%) dr
E — )" nodz Yz — ploe
x z
We shall also use the values of the integrals [11]
o0
({2 Goshat —coshs)] ™2 (0< s<a)
D_,, ;. (cosh Ts) dt =
| PLypectoma) cos (w9 a = { - 0 <i<
o (0.4)
¢ 2 ) © )
P, 1) dt — {2 coshs —coshat <la<s
}nnnn /H,\cosha) sin (Ts) { 0 0<s<a)
and equatlons
‘5 d \P _1/,i<(cosh) sinh & dat
V 2costs= s mea
~ d S P 1, 4ip coshat) sinhal do
2si = -—tanh, - ———
V 2sin 1s oo S Voot eaons
ha)sinh o do
Vi COSTS ot S pricicos )s (0.5)
%osha —cosh-§

§
_ sin ts /“T(oosha) sinha dot

Ve T ?) Veoshs —cosha

These last results can be obtained formally from (0.1) if one considers
them as integral equatlions of the Abel type and makes use of the solutlons
(0.3); or one may derive them from (0.%) and (0.2).

Some of the integrals of (0.5) may possibly diverge, but formally one may
use them for a quick derivation of general solutlons of the dual integral
equatlons considered here.

1. We consider the dual integral equatlons
P
\ 1 (¥) Posjpriz (coshat) dt = g () (0 < a < a)
3 (.1)

[e o]

\' Twaoh 0T | (T) Poyjyriz Coshat) dv == o () (a < a < o0)

0
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Let us multiply the first one of these equations by sinhg (coshs — cosh a)'i,
integrate the result with respect to o from O %o g , and differentlate
the obtained equation with respect to g . The second equation of (1.1) we
multiply by sinha (cosh ¢ — cosh g )“% and Integrate with respect to o

from e (g > ¢) to « . Then, in view of (0.5), the system (1.1) can be
reduced to the form

V2 Sf(r) cos tsdt = G’ (0, s) O<s<a)
o (1.2)
Vﬁgf(r) cos tsdt = H (s, oo) {a < s < 00)
where o
0, ¢) = ' g (%)sinha do , _ - v h () sinhor dot
G( C) §Vooahs —coshot H(C, OO) g ][coshd-—-coshs (13)

£
Making use of the Ilnversion formula for the cosine Fourler transform, we
obtain from (1.2)
a 0
7 :
Ve f{(v) = SG' (0, s) cos tsds + S H (s, o0) cos 1sds (1.4)
0 a
One can prove that if the integrals in (1.4) exist, then the solution of
the dual integral equations {(1.1) can be expressed by means of Formula (1.4).

Let us evaluate the first one of the integrals {1.1) in the region
{a < g < »). Substituting the value of p{r)} from {1.4) into this integral,
and taking into account (0.4), we obtain

¢ ' ¢ G, sds ¢ H (s, oo)ds
T Ty P i (cOsl dr = e e .
é 7@ et fonar) dv § ¥V coshot —coshs S‘ ¥ cosho, —coshs (4 5)

Let us denote the value of the second integral of the system {1.1) in the
region (0 <Ca< a) by V(a) . Then
feel
Via) = S Ttanh T/ (T) Poyjpyiz (coshar) dv 0o a) (1.6)
8

From the second equation of {1.1) and from {1.6) 1t follows, in view of
(0.2), that -

f(0)= SV (@) P_yiic (coshar) sinn ot da -+ S (@) Pz (cosha) smvarda (1.7)

o a
Let us substitute g{+) from {1.7) into the first equation of (1.1).
After some transformations we obtain Abel's equation

SM_—._:_.‘“E‘_,._‘I-“- =G’ (0, s) — H (a, o) (1.8)
; Vsosha ——coshs
for the determination of p{z) . The solutions of (1.8) and (0.3} yield
42
. _d G0, s)y—H{a, )
— Viz) = 2 ‘
sionzV (z) = —- E Yrp— sinh § ds (1.9
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2. Next, we consider the dual integral equations

g ©f (t) Poyjpric (osha) dv = g (a) 0<a<a)

0
%mmﬂﬂRwhWMMrzh@ (a< a< oc) (2.1)
[4]

In a manner analogous to the one of Sectlion 1 we obtain for f(T) of the
system (2.1) the expression

a

§§Hﬂ=§G@Qﬂnwﬁ—§H%&wmmm@ 2.2,

For the first integral of the system (2.1) in the region (8 < a < ®) ,
and for the second integral in the reglor (0 € a < a), we obtain, respec-
tively:

— Tsinh Z \ Tf (1) Poijpic (cosnz) dt = .;? \ GO, @) + (5, 20 oy s ds (2.3)
: .

Vc;shz —coshs

o2

a (o]
1] (1) Pyin (oona) d — { G0 8ds (M (s s g
n §t hytf (T) P_1/2+1T (cosnat) dt S Vcoghs——cogh—d § Veoshs —coshat (2. )

3. Let us consider the dual integral equations
\' vf (1) sin tsdt = g (s) (0<s< a)
’ (k=+4+1) (3.1)
S coth 70Tf (T) sin TsdT = h (5)  (a<s< o)
[}

which contain trigonometric functions.

We qQifferentiate, with respect to 8 , the first equation (3.1) when
¥ =—1; when % =+ 1 we integrate this equation with respect to g
from O to 8

Let us introduce the function

& () =g (s) for k= _1, g.(s) =—Sg (s)ds +C  for k=41 (3.2)
0
Equations (3.1) can be written in the form

(o 0]

Sf(r) cos tsdt = g, (s) 0<s<a)

0

[oe]

S coth UTf (T) sin tsdt = h (s) (a < s < o0) (3.3)

0

Let is multiply the first equation of (3.3) by /Zr(coshq—~ coshg )'%
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and integrate it with respect to g from O to g . The second equation
of {3.3) we multiply by /Zn~*(coshs— coshqa)® and integrate with respect
te 8 from o to « . Using the formulas for the integral representation
of the conical functions (0.1}, we can reduce the system (3.3) to the form

{ £ () Py (o) dv = Q (a) 0<ala) (3.4)

(%) Poyie fosha) dv = o (0) (a < a< o0)

Dy B

where
__gg% g1(s)ds M_{gw k{s)ds
Q) = % §V¢mb&v—cosh8 ' ol)=-3 §Wmhs—~—'coshu 3:5)

Making use of the formulas for the inversion of the Mehler-Fock transform
{0.2}, we obtain from {3.4) (3.6)

F(7) = vwenmr [S Q (@) P_syqe {eoshar) sink adfa%—{ ® (@) Pyyie {coshat) sinh doe}

Substituting (1) from (3.6) into (3.1} and taking into consideration
(O.&), we can derlve expressions for the integrals

<o

a &
5 -1 . _ [ Qo)sinha do o (Hsinhet dot
VZ{ry@sinwar= e 4 { amet

9 o a (3.7)
V5l : — a4 Q {a)sinha da o (@) sinho do
V2 §  7vf (v) sin vs dv = — {§ v § Vms]

When % = + 1 , the solution of the systém (3.1) is given by the formula
(3.6), and it can be expressed by means of a constant ¢ which is given by

o0

C = S F{v)de (3.8)
as can easlly be verified, ¢

Substituting gs{r) from (3.6} into (3.8) and solving the obtained relation
for (¢ , we obtaln its value.

4. In an analogous manner, the solution of the dusl integral equations

tycosTsdr = g, (s 0
§f() g1 (s) O<s<a) @)
[2+]
S't" coth 7tf () cos Tsdt = hy (s) (a < s < o) (k=+1)

o

can be obtained in the form {3.6) and (3.5}, where
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h (S) = "lll (S) for k=—1 (4.2)
h(s) =— S h(s)ds +Cy  for k=41

8
The integrals which appear in (4.1) become

oo a [o0]
5 1. Q (a)sinha dot ® (a)sinha do
2 1 coth, = -
V § v v () cos ts dv ’S Y cosha —coshis + S Vcosha — coshs

) . 3 14.3)
Vz—Sf(T) c0s TS dT — _z_i_[g Q (a)sinha do +S © (o)sinho do ]

. ds 0" Vcoshs —coshat Veoshs —cosha
a

The unknown constunt (, is determined in the same way as (¢ 1s deter-
mined in Section 3.

5. All solutions of the dual integral equatlons consldered here are
obtained in a formal way. We shall now prove the correctness of these solu-

tions. Plrst we conslider Equations (1.1 , where for the sake of simpllicilty
we take nfa) = O .

We seek solutions of these equations in the form
a

a
T (1) = S G(s)sinTsds = — 7 S Gy (s) cos s ds (5.1
where 0 0

Gy(s) = — S G (s) ds, Gy ()= G (s) (5.2)

8
Let us express the integrals which appear in (1.1) in terms or the func-
tions G(8) or ¢,(s). From (5.1) and (0.4) we obtain
(o]

Ttanh T j (T) P_, it (oosha) dy = J (a1 a) (0 Sa < a) )
§ [t { 0 (@ < o< o0) (5.3}
\ f(x) Py ;. fosnar) dt = 710, @) O<a<<a)
5 i omn) {_ AT (5.4)
where
J (a, a) = G (s) ds , Ty (a, — ¢ Gy (s) ds
§ V' 2 oshs — casha) i § V 2Geoia —eoms) 9

From (5.3) 1t follows that the second equation of (1.1%, with nrlx) =0
is satisfled identically, and from the first equation of (1.1) and from (5.4)
it follows that the function ¢, (s) must satisfy Abel's integral equation

Ji(e, 0) = — g () 0<a<a) (5.6

the solution of which has the form

z z
A =smhz[ 20 (g ]
V2 dz R Veosh z —cosha Veoshz — 1 K Vcoshz —cosha
It 1s easy to see that Formulas (5.1) to (5.7) coincide with Formulas
(1.3) to (1.5) and (1.9) when h(a) = O . When h(a) # O the correctness
of these formulas and of the remaining solutions of the dual integral equa-
tions can be verified in a simllar way.

(5.7)
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6., In the process of solving problems of the theory of elasticity in
toroidal coordinates, one encounters dual integral equations of the following
type: o

S f(®) 1 + N (D)] Py (o) dT = g (a) 0<a<a)
[}
S Thtanh TS (1) Pyjiqr (cosha) dt = 0 (a < a< oo) ©.1)
0
{ o (1) Pousc o) dv = 0 0<a<a)
1]
o (6.2)
Smm xtf (1) [1 4+ N (1)] Payy,pic (oha) dt = g (a) (a < a< oo)

0
Here the function ¥(r) is assumed to be absolutely integrable.

We will express the solution of the dual equation (6.1) in the form (5.1)
and (5.2). Then, in view of (5.3), the second equation of (6.1) will be
satisfied identically. Using Formulas (0.1), (0.4) and (5.1), we obtain for
the first integral of (6.1) the expression

— 1@ U+ N @1 P o) ar =
0 (6.3)
_ Vi iz ( —J1(0,0) (0<a<a)
Ny §K (@96 @ ds+ {7200 0TI
where o0
K (z,s) = S N (t) cos Ts cos Tz dT (6.4)

0
From the first equation of (6.1), from (6.3) and (5.5) we obtain Abel's
integral equation

a - a
dx I:Gl(.z) VZSK
—_— = — z,8)G sds}—_—-— o
§de. et KE9 6w §()
From this and from (0.3) one obtains, for the determunation of the unknown

function Gl(x) , the Fredholm integral equation of the second kind,

de)-{—%%lf(z, s)Gl(s)ds=_£f_.mx[V;Tf?:_i+Sﬁ%] (6.5)

[t} 0

the kernel of which is a continuous symmetric functlon of its arguments. It
is easy to show that the number 2/m 1s not a characteristic value of the
kernel (6.4).

If the solution of the dual equations (6.2) 1s sought in the form
. . (6.6)
1f (v) = g H (s) cos tsds = v S H, (s) sin ts ds, H, (s) = SH (s) ds
a

a a
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then the following integral equation for m(s)is found in an analogous manner
[e0] [0}

Hy(5) + 5 \ Ky (o o) Hy (9 ds = — V2 4 (| _glapamads g )

T dx h oy —cosh
. x‘/cosa coshy

Here

K, (z,5) = S N (v) sin 1tz sin 1sdt (6.8)
(1}

T. As an example, let us conslder the torsion problem of a sperical seg-
ment when the torsion is caused by rotating a small cilrcular disk fastened
rigidly at the center of the flat part of the bounding plane. The spherical
part of the surface 1s fixed (Fig.l).

The remaining part of the flat boundary of the spherical segment is éon-
sldered free of any external loading, for simplicity sake.

In toroidal coordinates (a,B,p) (*)

¢sinhoy ¢ sin

r=VE Y= et el fTema o | >0 (D

the given problem can be reduced to the integration of the Michel's equation
BY  PY¥ 3 feosha cos B 4- 1) o 3sinB 9y

0 + 932 +sinhoc (coshy 4 cos B)_b_; +cosha -+ cos B 73“ =0 (7.2)

undeg the following boundary conditions (x 1s the angle of rotation of the
disk

v (e, 0) =xr 0S<a<a), T (® 0)=0 (@<<a<<oo), vig,B)=0 (0<aoo) (7.3)

The stresses Ty, and Tg, and the dlsplacements v are expressed in
terms of the displacement function qua,p) by means of Formulas

o oY e ¥ csinhgy
T, =Gsishgq ____ | T, = ('sinh i — Il ,
ap ) Be sinf X a3 V= sha F ¢os B ¥ (=, B) (7.4)

We look for a solution of Equation (7.2) in the form of an Iintegral of
the type

foe)
_ foshar + cos B)" ¢ sish v (3; — B) p1_
¥ (2, B) = TS f (uanae LB Pl o) a7 (1.5)
[}
where ,Pl,/“.T (cosh q) 1s an associated Legendre function.
e

If one selects (7.5), the last condition of
(7.3) is satisfied identically. By making use
of the first two conditions of (7.3) for the
determination of the unknown function z(r)
which appears in (7.5), we obtaln the dual
integral equations
[ee)

s % sinho
S f (T)mnh;nnmhﬂ 1TP 11/,+i1 (mha) dv = m
0 0 <a<a) (7.6)

‘%"’ tf (T)tanb'n T P{,/z+it(°°'h0t) dr =0 (a<<a<Coo)

Fig. 1 With the aid of the results of Section 6 and

*} The coordlnates are described in detaill in the book of Ufland [12].
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Formula [12], d
1 - %

Py i, fosha) = do P tjpric (oossar)

the solution of the dual integral equations (7.6) can be reduced to the

determination of the functlon Gl(x) from the Fredholm integral equation of
the second kind with a symmetrlc kernel

a

2 , 2 ioh
G@— L §K (9 G (9 do = — Lo [g (0) + k| @7
where ©
K (2, s) = (@ —8)
(2, 5) o TR €OS Ts COs Tz d¥ (7.8

0

When B,= #n (the case of a hemisphere), and when B, =m (the case of a
halfspace) the kernel of the integral equation (7.7) takes on the following
forms, respectlvely,

«cosh 1/,  coshl/ys

K (x' s)= cosh z < coshs

1 stz s—
K (z,5) = H[mvz G+ @) T, (s — x)]J

The unknown constant ¢(0), which enters into (7.7), wlll be determined
from the condition of boundedness of the sum of shear stresses Tgy» which
act below the circular disk, 1.e by the same method by which the constant
C, was determined in the paper [13].
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